Mapping Cartesian Coordinates into Emission Coordinates: some Toy Models 
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After briefly reviewing the relativistic approach to positioning systems based on the introduction 
of the emission coordinates, we show how explicit maps can be obtained between the Cartesian 
coordinates and the emission coordinates, for suitably chosen set of emitters, whose world-lines are 
supposed to be known by the users. We consider Minkowski space-time and the space-time where 
a small inhomogeineity is introduced (i.e. a small "gravitational" field), both in 1+1 and 1+3 
dimensions. 



I. INTRODUCTION 

The current positioning systems, such as GPS, are based on a classical space and an absolute time, over which 
some relativistic corrections are added, in order to take into account the effects arising from both the Special and 
General Theory of Relativity (see p], and references therein). A new approach to the problem of positioning has 
been proposed by B. Coll 3], which introduces a shift from the Newtonian viewpoint to a true relativistic framework, 
where a new and operational definition of space-time coordinates is given. 

The starting assumption in the construction of such a new system of coordinates is that an ideal electromagnetic 
signal propagates along a null geodesic. Indeed, the main idea can be summarized as follows: let us consider 4 clocks, 
moving along arbitrary world-lines in space-time, and broadcasting their proper times, by means of electromagnetic 
signals. Then, any observer, at a given space-time point P along his own world-line, receives 4 numbers, carried by the 
4 signals emitted by the clocks. These 4 numbers, say ti, t%, T3, T4, are nothing but the proper times of the emitting 
clocks and constitute the coordinates of that space-time point; they are usually referred to as emission coordinates 
0, H[. In other words, the past light cone of a space-time point P cuts the clocks world-lines at 4 points, and the 
proper times measured along the clocks world-lines, are the coordinates of P. In practice, the clocks are supposed to 
be carried by satellites (which, in what follows, are referred to also as emitters) orbiting the Earth, and the observers 
are the users on the Earth, or on board of other satellites also. 

Actually, a 2-dimensional approach to this new paradigm of relativistic positioning has been thoroughly described 
by Coll and collaborators @, 0| : there, the definition of the coordinates domain (i.e. the space-time region where 
emission coordinates are well defined), the information that the data coming from a relativistic positioning system 
give on the space-time metric interval and the interest of these results in gravimetry, are discussed and analyzed for 
some prototypical situations. 

In this paper, starting from the results obtained in 0, 0|j we show how an explicit map can be obtained from 
the Cartesian coordinates and the emission coordinates, for suitably chosen set of emitters, whose world-lines are 
supposed to be known by the users. We start from the 2-dimensional cases, both in inertial and accelerated frames, 
and show how the results can be generalized to 4-dimensional cases, in order to deal with Minkowski 1+3 dimensional 
space-time and the space-time where a small inhomogeneity is introduced (i.e. a small "gravitational" field). 



II. EMISSION COORDINATES IN 1+1 DIMENSIONAL SPACE-TIME 

In this Section, we briefly review how emission coordinates can be introduced in a 1+1 dimensional space-time, 
according to the approach outlined in [6|. 

The simplified system we are dealing with is composed of (i) two emitters, whose world-lines are 71, 72; they 
broadcast to the users their proper times r , r 2 and, also, the proper times t 2 , t 1 that they receive each one from 
the other; (ii) a generic user, whose world-line is 7. The user is supposed to be in f2, which is the region of space-time 
where the emission coordinates are properly defined; in the situation we are considering, O, which is called coordinate 
domain, is the space-time region between the world-lines of the two emitters (see figure [lj. The user, is supposed 
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FIG. 1: The two emitters move along the world-lines 71,72, and every event in the domain fl between both emitters can be 
unambiguously labelled by the proper times (t 1 ,!- 2 ). 



to receive the four broadcasted times {t 1 ^ 2 ^ 1 ^ 2 }. We recall that the set of these proper times allows the user 
to determine the equation of his trajectory r 2 = -FfY 1 ), and, also, the trajectories of the emitters <^i(t 1 ) = t 2 , 

Now, we suppose to know the world-lines of the emitters in a suitable system of null coordinates {it, v}. We 
remember (see, for instance Q) that, in such a coordinate system, the space-time metric has the form 1 . 

ds 2 = m(u,v)dudv. (1) 
The world-lines of the emitters, in terms of their proper times, are given by the following expressions: 

_fu = U 1 (T 1 ) _{u = U 2 {T 2 ) 

Then, the emission coordinates {t 1 ,-!- 2 } are defined by the following change of variables from the null coordinates 
{it, v}: 

u = u 1 (t 1 ) t 1 =u^ 1 (u) = t 1 {u) 

v = v 2 (t 2 ) r 2 = v 2 ~ 1 (v) = t 2 (v). [6) 

Consequently, the emitter world-lines ([2]) can be expressed in emission coordinates, and they have the following 
expression: 

= tpi{T L ) = T Z \T*=T^ 

where the functions </?i(t 1 ), </?2(t 2 ) are determined on considering that the events along the two world- lines are 
connected by coordinate lines v = const and u = const (see below). We remember also that, in terms of the emission 
coordinates, we may write the metric in the form (thanks to the change of coordinates (0)): 

ds 2 = m(T 1 ,T 2 )dT 1 dT 2 

(5) 

m(r\r 2 ) = m(u 1 (T 1 ),v 2 (T 2 ))u' 1 (T 1 y 2 (r 2 ). 



1 The space-time metric has signature (1, — 1, — 1,-1), and we use units such that c=l. 
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FIG. 2: (a) The events corresponding to proper times r 1 along the world-line 71 and r 2 along the world-line 72 are connected 
by a coordinate line v — const and, hence, they have the same coordinate v; similarly, the events corresponding to proper times 
t 2 along the world-line 72 and r 1 along the world-line 71 are connected by a coordinate line u = const and, hence, they have 
the same coordinate u. (b) The positioning data received at P by the user, thanks to the properties of the coordinate lines, 
allow to establish that ui(?p) = U2(rJ>), vi(jp) = «2(?|), and similarly for positioning data received at Q: ui(~q) — U2{tq), 

Vl i T Q ) = Mtq) 



III. EMISSION COORDINATES FOR INERTIAL EMITTERS IN MINKOWSKI SPACE-TIME 

As an example of what we have outlined above, we show how to build emission coordinates for a set of two emitters, 
moving with constant velocity Vi, i = 1, 2 in Minkowski 1+1 dimensional space-time. 

To begin with, we write their world-lines in null coordinates, as functions of the proper times r , r 2 : 

{u = A1T 1 ( u = A2T 2 + U Q 

1 1 72= 1 2 (6) 

v=-r+v ^=-r 



where K = y jzrff~, i = 1, 2 are the shift functions of the two emitters (see Q). 
Then, the emission coordinates are defined by: 

u = Mi(r 1 ) = Air 1 t 1 = — u 

1 , 1 ( ? ) 

V = V2(t 2 ) = — — T => T 2 = X 2 V. 
A2 

Furthermore, on applying we can easily obtain the metric tensor in emission coordinates (in the case of a 
straight line it is m (u, v) = 1): 



m(r 1 ,r 2 )= U ' 1 (r 1 K(r 2 ) = ^, (8) 



and the space-interval turns out to be 



ds 2 = XdT l dT 2 , A ee — i. (9) 

A2 

Now, let us work out how to express the emitters world-lines in emission coordinates. As we wrote before, this can 
be done if we admit that the emitters broadcast their proper times t 2 , r 1 to each other. Then, the functions (/?i(t 1 ), 
c/?2(t 2 ) are determined by considering that the events corresponding to proper times r 1 along the world-line 71 and 
t 2 along the world-line 72 are connected by a coordinate line v = const, similarly for the the events corresponding to 
proper times r 2 along the world- line 72 and r 1 along the world-line 71 (see figure [2^). 

Consequently, the emitters world-lines in emission coordinates are 
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FIG. 3: Since signals propagate along the world-lines u = const or v = const, there are the following relations among the 
coordinates of the point P and the emission points A, B: v(P) = v(A), u(P) = u(B). 



7l H 2 f U _ 1 1 , 2 ( 10 ) 

t 2 =t 2 . 

Let us now consider the set of positioning data (Tp,Tp,Tp,T 2 p) , ( t qi t qiTq,Tq) received by the user at the events 
P and Q, respectively. Due to the fact that the corresponding emission events are connected by coordinate lines 
u = const or v — const, it is possible to show that 



At 1 At 2 _ \\ _ v> 
At 1 At 2 ~ A 2 



= y, (12) 

2 



where At 1 = - t p , At 2 = r 2 - r 2 , At 1 = t 1 q - r P , At 2 =t 2 q ~t 2 p . 

Consequently, thanks to ([9]), in terms of the positioning data {r 1 , t 2 \t 1 ,t 2 } , the space-time metric is given by 



ds 2 = J ^ T ]^ T l drUr 2 (13) 
V A^Ar 2 

Now, let us show how to write a map between the usual cartesian coordinates x,t and the emission coordinates 
t 1 ,t 2 . To fix the ideas, we consider two satellites moving along the x axis of a Cartesian system of coordinates. Let 
P be an event, whose coordinates are t, x: these coordinates can be expressed in terms of emission coordinates which, 
we recall, are the proper times measured along the satellites world-lines. It is useful to remember the expression of 
the world- lines of the emitters (J6j> : 

{u = AV 1 f u = A 2 t 2 + u 

1 , 12 = 1 1 2 (14) 

v = -r+v { v =v T - 

Furthermore, the null coordinates u, v have the following expression, in terms of the Cartesian ones: 



U = t + X V = t — X. 

Consequently, the null coordinates of the event P are 



(15) 
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u = t + x v = t — x. (16) 

Since signals propagate along the world-lines u — const or v — const, we may write the following relations among 
the coordinates of the point P and the emission points A, B (see figure [3]) 

v(P) = v(A) (17) 
u(P) = u(B) (18) 

Eqs. (H7J) , (HHD , together with (33} and (H]) imply 

t-x = ^ (19) 
t + x = AV 1 (20) 

from which the relations between the cartesian coordinates t,x and emission coordinates t 1 ,t 2 of the point P is 
established: 

f -K* v+ S) *-K AV -5) (21) 

IV. EMISSION COORDINATES FOR STATIONARY EMITTERS IN ACCELERATED SPACE-TIME 

Another example of definition of emission coordinates in a 1+1 dimensional space-time that can be dealt with in 
full details is that of stationary emitters in an accelerated space-time. The metric of an accelerated space-time is give 
by (see 0) 



ds 2 = (1 + gxfdt 2 - dx 2 , (22) 



where g = constant. 

Now, let us apply the coordinate change 



X = — (cosh gt — 1) + x cosh gt T — — (sinhgi) + xsinh gt, (23) 
9 9 



so that the metric (1221) becomes 



ds 2 = dT 2 - dX 2 . (24) 
That being done, we can easily introduce the null coordinates 

U = T + X V = T-X, (25) 
and, consequently, the metric assumes the form 

ds 2 = dUdV, (26) 

which easily allows us to define emission coordinates, for a suitable class of emitters. Namely, let us consider 
stationary emitters, i.e. emitters that are at rest in the metric (|22p : in other words, their world- lines are 



x — x , % — J. . 2. .. 



(27) 
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where x l are constant. By means of (|22[) ,(|23 p we may write the world-lines, in terms of proper time, in the form 



X i = A 
a 



cosh | 



T* = i sinh , 



g( T '— r o) 



sinh 



Where Tq dehnes the relation between the proper time r* and coordinate time t l of the emitters, according to 



1 + gx 1 ) f 



Hence, thanks to 



7i 



The emission coordinates are defined as follows (see ((3|)): 



(28) 



(29) 



(30) 



^ = T/ 2 (r 2 



exp 



f g(r'-rg) \ (l 
\ 1+gx* ) \g 



g 

2 \ 1 1 



(31) 



Then, the emitters world-lines, in emission coordinates turn out to be (see eq. ((4]) and the discussion in Section 



7i 



72 



/ = i(r 1 -g-a) = Vl (T 1 ) 
r 1 = kr 2 - q + a = ^{t 2 ) 

T 2 =T 2 , 



where 



fc .i±4>i, 

1 + gx z 



_ 1 + gx 1 1 + gx 1 
q = In — - > 



1 + gx 2 



pl _ 1+gx 1 
r ° 1 + gx 



1 'o- 



(32) 
(33) 

(34) 
(35) 



Remark. We notice that the emitters whose world-lines are ([28)) are not geodesic. In fact, we can calculate the 
acceleration vector 



«(r) ^ (a r , a x ) = (-^- sinh ( i^jA) , _JL_ CO sh ( it^jA) ) 



from which the acceleration scalar 



becomes: 



«(r) = V-\Hr)\\ 2 
a(T) = . 

This fact allows us to write the relations (I34|) and (|35|) in terms of the acceleration scalars of the emitters: 



K = > 1, 



^1 "2 ^2 

r o T o • 

ai 



(36) 

(37) 
(38) 

(39) 
(40) 
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This makes a direct comparison possible with the relations obtained in [7j and, consequently, the same properties 
apply (in particular the possibility of determining the parameters k,q,a). 

Furthermore, eq. ([38]) suggests the physical meaning of g: it is the acceleration of the origin of the accelerated 
reference frame. 



V. EMISSION COORDINATES FOR STATIONARY EMITTERS IN ACCELERATED SPACE-TIME, 

SMALL g CASE 

In this Section we consider, as in the previous one, stationary emitters in an accelerated 1+1 dimensional space- 
time: however we suppose here that the parameter <?, together with the size and position of the considered space-time 
region, allows for a linearization of the metric ()22|1 with respect to g. In practice we are assuming both gx and gr to 
be much smaller than 1 which means that the approximation cannot last too much in time. 

To begin with, the emitters world-lines (|28|) . after a first-order expansion in g turn out to be 



X 1 = x l 

T l = t* - 4, 



(41) 



and, introducing as before the null coordinates U, V, thanks to (|25|) . the world-lines become 

r u { = t 1 - ri + x i 
it = < 

{ V 1 = T l - Tl - X\ 

This allows us to define the emission coordinates {ti,t%), according to ((3]) 

U = Uiir 1 ) = r 1 -Tq 1 +X 1 
V = V 2 (t 2 )=t 2 -t$~x 2 , 



(42) 



(43) 



Moreover, we can write the emitters world-lines in emission coordinates (see eq. (j4]) and the discussion in Section 

nD: 



71 " y = \{^- q -a)^^) (44) 



where, now 



1 + g (x 1 x 2 ) , (x 1 - x 2 ) (l + (46) 

a = rl-[l + g(x 1 -x 2 )] r 2 . (47) 
Furthermore, the space-time metric has the expression 

ds 2 = exp [g^r 1 - t 2 - a)} d^dr 2 , (48) 
which, taking into account the smallness of the parameter <?, becomes: 

ds 2 = [l + gir 1 -t 2 -a)] d^dr 2 . (49) 
Now, let us consider an event having coordinates t, x. Its null coordinates are (see (|43|) and 
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FIG. 4: The emission coordinates ri,rf are denned in the coordinate domain Q, x , which is the space-time region between the 

holds for 



two emitters world-lines; the same holds for the emission coordinates Ty , Ty defined in Q y . Then, the set of emission coordinates 



U = t (1 + gx) + x V = t (1 + gx) - x 
Then, we may write (see also Section [VII and, in particular, figure [3]): 



(50) 



r 2 - Tq - x 2 = t (1 + gx) - x 
t 1 - To 1 - x 1 = t(l + gx) + x 

from which we obtain f , x in terms of r , t 2 , up to first order in ^i: 



(51) 
(52) 



* = (1 - gx) 



T - T n + T" — Tn + X — X' 



ri-r ( }-(r 2 -r 2 )+.^+. 



In other words, a non linear relation between t, x and r 1 , r 2 holds. 



(53) 
(54) 



VI. A GENERALIZATION OF THE 2-DIMENSIONAL APPROACH TO 4-DIMENSIONS 

After having described some examples of the definition of emission coordinates in 1+1 dimensional space-times, 
now we aim at exploiting the framework outlined so far in order to set up a system of emission coordinates capable 
of mapping a more realistic 1+3 dimensional space-time, thanks to a suitable set of emitters. Actually, these emitters 
will be chosen in order to allow an easy manage of the map between Cartesian and emission coordinates: in other 
words, we will consider some toy models that, nonetheless, enable us to show the underlying ideas of the emission 
coordinates approach to positioning systems. 

We start, in next Section, by considering the case of a flat four dimensional space-time. Then, in the subsequent 
Section, we introduce a small inhomogenity, i.e. a small gravitational field, and discuss some possible applications. 



A. Flat space-time case 



Let us consider three pairs of satellites, provided with clocks and emitters, each of them moving, with constant 
speed, along a coordinate axis in a flat Minkwoski background. The particular choice of the satellites allows to benefit 
from what we have done in the 2-dimensional case above. In fact, for each pair of satellites, the metric 



ds 2 = dt 2 - dx 2 - dy 2 - dz 2 , 



(55) 
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reduces to 



ds 2 = dt 2 - {dx 1 ) 2 i = 1, 2, 3. (56) 

In particular, the metric (|56[) allows to easily introduce null coordinates u, v as we have done in Section IIIII this 
can be done for each pair of satellites. 

To be precise, recalling the notation introduced in Section HTT| we can label the world-lines of each pair of satellites 
as follows 



u a = K T a (u a = X 2 a T 2 + U a0 

ll={ 1 i 7a = { 1 2 a = x,y,z. (57) 

"'a = -JT T a + VaO {V a = —T a 

Then, if we consider the pair of satellites moving along the x axis, eq. ([21]) tells us that the relations between the 
cartesian coordinates t, x and emission coordinates t , r 2 of the point P are: 



i = \ [xlrl + ^) x = \ [xlrl - . (58) 

The same procedure that we have just outlined can be repeated considering the other two pairs of satellites moving 
along the y and z axes. In doing so, we obtain the following expressions for the coordinates t, y, z of the point P, in 
terms of the proper times Ty,T 2 ,Tl,T 2 : 



5 *W 



X 2 



2 ( X v T y 



X 2 



(59) 



^K a ^ + |) 2 =K A ^-S)- (60) 

Summarizing, this procedure allows us to write the cartesian coordinates t,x,y,z of the point P in terms of the 6 
proper times T^.,T 2 ,Ty,T 2 ,Tl,r 2 . Of course, the expressions (|58H60|) are redundant, since the coordinate t is the same 
for all. This fact can be exploited in order to eliminate 2 of the 6 proper times, which means that 4 satellites would 
be enough, as can be expected from the dimensions of space-time. For instance, we may use the constraints 



(61) 



and 



t(T^T 2 )=t(T 1 z ,T 2 ), (62) 

to express t| as a function of T^,T 2 ,Ty and r| as a function of t\,t 2 ,t\, respectively. Consequently, eqs. (|58H60|) 
and (|61[) . (|62p allows us to express the cartesian coordinates t,x,y,z of the point P in terms of the 4 proper times 



t = t(rlT 2 x y y y z ) (63) 
x = x(t^,t 2 ,t^,tI) (64) 

V = H T x' T x> T y> T z) ( 65 ) 
1 = z( T x' T x' T y' T z) ■ ( 66 ) 

Remark. According to our approach, each pair of emission coordinates , t 2 is well defined in the corresponding 
coordinate domain fl a (see Section HTl and figure [T|) which, in turn, depends on the emitters world- lines. So, if we use 
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more pairs of emission coordinates, the full coordinate domain SI is the intersection of the coordinate domains Sl a . 
For instance, if we consider in the 1+2 dimensional space-time the emission coordinates t^,tJ defined in Cl x , and 
Ty,Ty defined in Sl y , the set of emission coordinates t x , t% , Ty , Ty is well defined in SI = fl x n Q, y (see figure E]). This 
obviously can be generalized to the 1+3 dimensional space-time. 



If we explicitly write the equations 
is given by the following linear map: 



where 



we sec that the relation between the Cartesian and emission coordinates 



X = A T, 



(67) 



X 



( 1 

x 

y 



(68) 



(4\ 



and the coordinate change matrix A is defined by 

/ 



A = 



2 

\]_ 

2 

2 
2 



(69) 



1 

2A1" 





\ 


1 

2AJ 








1 

2Aj 


K 





1 

2A| 








(70) 



A A A 

It is easy to show that det(A) — — X 2A ^ - 
The inverse metric is given by 



so that it is generally different from zero. 



A- 1 = 












1 





V 



o \ 



1 

J 



(71) 



Actually, the choice of the emission coordinates is somewhat arbitrary: in other words, in the approach we have just 
outlined, we can choose 12 sets of emission coordinates. In fact, we must receive signals from satellites propagating 
along all axes, in order to have a map of the whole space; this implies that 2 signals must come from satellites 
propagating along the same direction, and the other two signals must come from satellites propagating along the 
remaining directions. The latter can be arranged according to 4 combination: for instance, if we choose that two 
signals come from satellites propagating along the x directions, the corresponding combinations of emission coordinates 
are: 



(72) 



The same argument applies if we choose that two signals come from satellites propagating along the y and z directions, 
so that, summarizing, we have 12 possible choices of coordinates. We point out that the coordinate domain SI is the 
intersection of the coordinate domain Sl a (see the previous Remark). Finally, we notice that, in this approach, the 
uncertainties on the Cartesian coordinates can be expressed in terms of the uncertainties on the emission coordinates 
and on the parameters of the world-lines. 
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B. Quasi-flat space-time case 

Let us consider the space-time described by the metric: 

ds 2 = (1 + gx 2 )dt 2 - dx 2 - dy 2 - dz 2 . (73) 

In the space-time described by (|73p . we consider three pairs of emitters as follows: two pairs are moving along the 
y and z axis, with constant speed, so that the metric (|T3[) reduces to 

ds 2 = dt 2 - {dx 1 ) 2 i = 2,3. (74) 

The other two emitters, are at rest, at x — x l ,x — x 2 , where x l ,x 2 are constant, in the x,t plane (their y,z 
coordinates are null). For them, the metric (|73|) reduces to 

ds 2 = (l+gx) 2 dt 2 . (75) 

In particular, we may apply the formalism of section HTT1 to the first two pairs of satellites, and the formalism of 
section fVl to the last pair of satellites. 

On doing so, we want to express the coordinate t, x, y, z of a point P in terms of emission coordinates, as we have 
done in Section IVI Al above. 

Recalling the results of section [V] (from which we borrow hypotheses and notation) , we know that we may write 



ri - r 1 



T x0 ( T x T xo) + X 1 + . 



t = (l-gx)^ ^ — ^_£i^_ _ ~ X = J1 ™ — v 2 __ ( 76 ) 



and 





(77) 



f "=K A ' Ti+ l) i= K A ' ri -l)- (78) 

As a consequence, the Cartesian coordinates t, X, y, z of the point P are known in terms of the 6 proper times 
Tx,T 2 ,Ty,T 2 , t\ , t 2 . Again, the expressions (|76H78p are redundant, since the coordinate t is the same for all. This fact 
can be exploited in order to eliminate 2 of the 6 proper times. If we use the constraints 

t(rl:,T 2 )=t(T y -,T 2 ), (79) 

and 

i>xV*)=iKV z 2 ), (80) 

we may express rf as a function of t^,,t 2 , Ty and r| as a function of t^,,t 2 , t\ , respectively. Consequently, eqs. 
(|76H78[) and (|79H80[) allow us to express the Cartesian coordinates t,x,y,z of the point P in terms of the 4 proper 
times T^,,T 2 ,Ty,T^. Also in this case, the coordinate domain fl is determined by the intersection of the coordinate 
domains fi a where each pair of emission coordinates t\ , t 2 is defined (see the Remark in Section IVI Ap , 

An important difference with the purely flat case described in Section [VI Al is that now a non linear relation between 
the Cartesian and emission coordinates arises, due to the presence of the acceleration g. However, we may write the 
explicit relations: 
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(81) 
(82) 

(83) 
(84) 

where 

111 

(85) 
(86) 
(87) 
(88) 
(89) 

(90) 
(91) 



t 


= a^+b(^) 2 + 


CT 2 + 


d(r 2 ) 2 + e 


+ / + .9 


X 


'x ' xO 'x 


_ r 2 


x 1 + x 2 




2 


2 


+ 2 




y 


= -arl-b(rlf 




-rf(rj) 2 - 


e- f -g+ A^r^ 


z 


= -arl-b{rl) 2 


-ctJ 


-d(r 2 ) 2 ~ 


e- f-g + X\t\ 


= 


1 l 

~9T x0 ~ -gX + 

_ _ 


1 

9 








_9 










4 








= 


1 2 1 2 

~29 T xO - 2 9X 


1 

+ 2 








9 










4 














? (rio) - 
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VII. CONCLUSIONS 



In this work we have built explicit maps from Cartesian coordinates to emission coordinates, for suitably chosen 
set of emitters, starting from the underlying assumption of knowing the whole details of the emitters world- lines, i.e., 
for instance the velocities and the positions at a given time. The approach that we have outlined allows us to express 
the uncertainties on the Cartesian coordinates in terms of the uncertainties on the emission coordinates and on the 
parameters of the world-lines; the definition of the coordinate domain (i.e. the space-time region where the emission 
coordinates are unambiguously defined) depends on the emitters world-lines. 

In particular, we have obtained explicit maps in Minkowski 1+1 dimensional space-time, for inertial emitters and 
accelerated ones. The latter can be also interpreted as emitters at rest in a gravitational field. The same procedure has 
been generalized to 1+3 dimensional space time, both in the inertial case and in the case where a small "gravitational" 
field has been introduced. Actually, in order to give a more operational definition of the emission coordinates systems 
more general and realistic situations should be studied, nonetheless the toy models that we have studied here are 
suitable to suggest the basic ideas of this fully relativistic approach to positioning systems. 
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